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Electrophoresis of an end-labeled polymer chain: A molecular dynamics study
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We study the conformational and the dynamic properties of an end-labeled~telechelic! polymer chain
embedded in a porous medium made of randomly distributed immobile spherical obstacles using a stochastic
molecular dynamics~MD! simulation method for several obstacle densitiesr imp and for various field intensi-
ties Fx applied only to one end of the chain. For Fx50, the chain initially shrinks with increasing density of
the obstaclesr imp . In general, for smallFx and lowr imp , the chain elongates along the direction of the force
and shrinks in the transverse direction whereby this effect becomes more pronounced at larger chain lengths.
However, we notice that for moderate values ofr imp andFx , the conformational properties exhibit extrema
before reaching a saturation at larger values ofr imp andFx . Likewise, we also find that the drift velocityVd

of the center of mass of the chain is a nonmonotonic function of the field intensity in the sense thatVd also
exhibits a maximum at a critical value of the field intensityFx

crit beyond which it decreases. Our MD results
indicate that for larger imp the chain still can be described by a self-avoiding random walk, which contradicts
the prediction of variational calculation using the replica trick, but supports a more recent analytical result
using the optimal fluctuation method, as well as a Monte Carlo simulation result for a slightly different
disordered medium.

DOI: 10.1103/PhysRevE.66.041806 PACS number~s!: 36.20.2r, 82.35.Rs, 07.05.Tp
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I. INTRODUCTION

The behavior of a polymer chain in random media@1,2#
has gained considerable attention for more than a decad
a fundamental level the study of a polymer chain in dis
dered media stands as a testing ground for the extension
applicability of the theory of reptation@3,4#. At the same
time the flow property of a polymer chain can be immens
useful in understanding many important processes, e
length dependent fractionation of DNA via gel electropho
sis, complex polymer mixtures, hazardous waste in sea

Quenched disorders have nontrivial effects on the dyn
ics and conformational properties of either a diffusing o
drifting polymer chain. It has been argued that disorder
troduces transverse fluctuations, and for the center of ma
the chain, these transverse fluctuations are purely diffu
@5#. Much of the earlier works on polymers in random med
have been primarily directed to test the predictions of rep
tion theory. For a Gaussian chain, both the Monte Ca
~MC! @6# calculations and analytic calculations using the re
lica trick @7# predict that in presence of quenched disord
the chain shrinks and the length dependence of the diffu
constant gets slower than what is predicted by the repta
theory@3,4#. The extension of these studies from a Gauss
chain to a self-avoiding chain adds another dimension to
problem. For a self avoiding chain, the competition betwe
the strength of the excluded volume interactionw and that of
the disorderv yields very interesting conformational and lo
calization properties@8–10#. For a polymer chain of lengthN
embedded in porous media characterized by the impu
densityr imp , the variational calculations using replica tric
@8# predict three different regimes for the polymer conform
tions; while for w.v, Rg

2;N1.2, for w5v, the chain ex-
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ecutes ordinary random walkRg
2;N, and for high impurity

densities (v.w), the chain is localized withRg
2;r imp

2/3 N2/3.
The MC calculations by Muthukumar and Baumgartn

@9,10# are consistent with these results. On the contrary
second analytic calculation using optimal fluctuation theo
in terms of a small parameter predicts@11# that for large
impurity densities the conformational properties of a ch
are still described by a self-avoiding random walk. When
polymer chain moves through a random medium it enco
ters cavities of different lengths. As the radius of gyrati
^Rg& of the chain becomes comparable or larger than
mean pore size it encounters entropic barriers as it pa
through bottle necks@10#. It has been argued@11# that replica
calculations relying on a single variational parameter mi
not be adequate to describe a more complicated free en
landscape justifying the need for further work to settle so
of these issues. The transport properties of a polymer ch
through porous media@9,12# reveal some unsettled issues
well. Earlier MC calculations suggest@9# that chain dynam-
ics in a dense system can be different than reptation.
more recent MC investigation of diffusion of a polyme
chain through a sea of frozen polymer chains by Yamak
and Milchev@12# indicates that reptation is still the domina
mode of polymer diffusion in random media.

The above discussions refer to the diffusive and conf
mational properties of polymers in random media. Motivat
by practical problems, e.g., electrophoresis of biomolecu
under an external field, these studies of neutral polym
have also been extended to polyelectrolytes where the e
chain is charged and driven by an electric field@1#. A special
case of this variety is a telechelic polymer chain where o
a block in either end of the chain is charged, and the res
the chain is neutral. The conformational and drift propert
of these end-labeled chains are of significant practical imp
tance and have been studied previously analytically and
Monte Carlo methods@5,14–17#. In the absence of bias, esu
©2002 The American Physical Society06-1
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timates of both the transverse and the longitudinal size
stretched polymer chain can be obtained using simple sca
arguments@3,18#. Analytic results which have been obtaine
using optimal fluctuation method indicate that the transve
fluctuations of the center of mass of a polymer chain
similar to that of a Brownian particle and exhibit diffusiv
behavior @5#. These calculations also obtain the first ord
correction to the drift velocity due to impurities. A rece
MC simulation indicates that in presence of the impuriti
these scaling properties are weakly violated@15#. The simu-
lation data also shows that there exists a critical value of
bias beyond which a ‘‘jamming effect’’ is observed@15#.

The purpose of this paper is to examine the propertie
an end-labeled telechelic polymer chain, where only the fi
monomer of the chain is influenced by an external force
ing a stochastic molecular dynamics simulation method@19–
21# and calculate the dynamic properties of the chain dire
from the simulation as a function of bias and impurity de
sity as well. There are some distinct advantages of carry
out molecular dynamics~MD!, as opposed to MC in this
particular problem. First of all the drift velocity and othe
dynamic properties can be obtained directly from the sim
lation and do not require any assumption. Secondly, for la
bias the MC approach may suffer practical difficulties
implementing the Boltzmann factor exp(2bDE). On the con-
trary, in MD for large bias one needs to go to smaller tim
steps which renders the calculations more expensive a
feasible. As a by product we also study the conformatio
and the diffusive properties of the chain at zero bias. To
best of our knowledge, this is the first molecular dynam
study of the electrophoretic behavior of a polymer chain
presence of quenched disorder. This may also serve to c
the results obtained through dynamic MC and other metho

The key features of our calculations are as follows. F
the zero bias case, we find that the radius of gyration^Rg& of
the chain is a nonmonotonic function of the impurity dens
(r imp) exhibiting a minimum. This trend was not reported
the previous MC calculations@9#, but has been observed i
more recent MC calculations for a slightly different nature
the quenched disorder@13#. This indicates that the result ha
more general validity for a variety of disordered media. A
function of the increasing biasFx we observe a saturatio
effect in both the conformational and the dynamical prop
ties of the chain. For moderate and large values of the im
rity density, the geometrical properties, e.g., the radius
gyration ^Rg&, end to end distancêRe& etc., either exhibit
maxima or a saturation. But for large impurity density t
chain still can be described by a self-avoiding random wa
this result contradicts the prediction of replica theory but
in agreement with a theory using a small parameter and
work. We do not find any obvious scaling property for t
longitudinal and transverse sizes of the chain in presenc
disorder. Consistent with several MC@13,15–17# results, we
also find that the velocity of the center of mass as a func
of the bias exhibits a peak. This observation can have po
tial use in electrophoresis in other related experiments wh
the filtering method depends of the mobility of the chains

The organization of the paper is as follows: in the follo
ing section we discuss the method and simulation details
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Secs. III and IV we present the statics and the dynamic pr
erties of the chain. In Sec. V we summarize the results
discuss ongoing and prospective future work.

II. MODEL AND NUMERICAL PROCEDURE

The molecular dynamics method that we have imp
mented here is the same as that previously employed by
of us @20# and very similar to the method adopted by Gre
and co-workers earlier@19#. To simulate a constant tempera
ture ensemble, the monomers are coupled to a heat bath
the equations of motion read as

rẄ i52¹W Ui2GrẆi1WW i~ t !, ~1!

whereG is the monomer friction coefficient andWW i(t) that
describes the random force of the heat bath acting on e
monomer is a Gaussian white noise with zero mean sati
ing the fluctuation-dissipation relation:

^WW i~ t !•WW j~ t8!&56kBTGd i j d~ t2t8!. ~2!

The potentialUi consists of two partsULJ , and Uchain .
Here ULJ is a Lennard-Jones~LJ! potential acting between
any two pair of monomers

ULJ~r !54eF S s

r D 12

2S s

r D 6

2S s

r c
D 12

1S s

r c
D 6G , r<r c ,

~3!

wherer c is the cutoff distance beyond which the LJ intera
tion is set to be zero andr 5urW i2rW j u and rW i ,rW j are the loca-
tions of thei th and j th monomers, respectively. The param
eter e is the LJ energy parameter ands is the LJ length
parameter. The LJ interaction is a purely repulsive poten
if the cutoff distancer c521/6s, but has an attractive par
when r c52.5s. Uchain is the finite-extendable nonlinea
elastic~anharmonic spring! potential acting between pairs o
successive monomers along a chain:

Uchain~r !52k lnF12S l

l 0
D 2G , ~4!

in which k is the energy parameter of the potential,l is the
distance between two neighboring monomers of the sa
chain, andl 0 is a length parameters which describes the
tension range between two successive monomers. We
chosenk530 andl 051.5 which make chain crossing prac
tically impossible@19#. We use the reduced units througho
this study. So the unit of time iss(m/e)1/2 and the unit of
temperature ise/kB wherekB is the Boltzmann constant. Th
interaction of the polymer chain with the randomly plac
impurities is described by the repulsive part of the LJ int
action. A constant force is added to thex component of the
force on the first monomer to simulate a telechelic chain

We have integrated the equations of motion following
accurate scheme developed by van Gunsteren and Beren
@21# which uses a bivariate distribution of Gaussian rand
numbers for the stochastic forces@22#. A very fast Gaussian
6-2
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ELECTROPHORESIS OF AN END-LABELED POLYMER . . . PHYSICAL REVIEW E66, 041806 ~2002!
random number generator@23# and a link-cell-list@24,25# for
calculating the forces help to make the integration quite
ficient. Time steps for most of the cases were chosen to
(Dt) of 0.01 ~in reduced units! which produced stable inte
gration at temperatures of interest. For very large value
the external force and especially for large chainsDt
;0.0025 was necessary which rendered the calculations
N564 very time consuming. The calculations were carr
out on a ten processor~1 GHz! Linux cluster and required
few months of continuous operation.

III. RESULTS

The simulations are carried out for chain lengthsN58,
16, 32, and 64 and for many different combinations of p
rosity ~up to 0.6! and bias which renders these calculatio
very time consuming. For chain lengths 8, 16, and 32,
maximum bias that we apply is 5 and requires a time s
Dt50.004 for the algorithm to be stable. ForN564 it be-
comes very difficult to increase the bias beyond 2 even w
a time stepDt50.0025. Here we present the main resu
while more detailed and quantitative informations will r
quire more computer time and will be reported later. T
results that are shown here are averaged over 500–1000
tial configurations of the impurities. The error bars for t
static quantities are very small and within the width of t
symbols in the figures; however, the calculations of the d
velocity require a very large number of independent runs

In Fig. 1 we show two snapshots of a chain of length
representing different typical conformations of a chain dr
ing through the porous medium which determine essenti
both static and dynamic electrophoretic behavior. Figure 1~a!
corresponds to a case when the head is stuck and the ta~on
which no external field is exerted! has overtaken it, and Fig
1~b! shows a freely drifting chain with the head pulling th
rest of the chain.

A. Static properties of the chain: Zero bias

First we show the results for the zero bias case and c
pare our numerical results with those obtained from the a
lytic theories, as well as previous MC results@12#. Figure 2
shows the radius of gyration̂Rg& as a function of impurity
densityr imp for chain lengthsN58, 16, 32, and 64, respec
tively. The ubiquitous feature is that the average size of
chain initially decreases to a minimum valueRg

min at
r imp

min(N) with increasing impurity density. The position o
r imp

min(N) is a function of chain lengthN and shifts to a lower
value for longer chains. Similar result was found by Yam
kov and Milchev for a different system where the disord
was made of initially relaxed and subsequently frozen n
work of polymer chains. Since all the interactions conside
here are purely repulsive, the origin of the observed m
mum is due to the entropic traps and barriers@10#. Imagine a
situation where a chain is fully confined in a particular cav
connected to other neighboring cavities through bottle ne
In this case the chain under consideration encounters
tropic barriers to wander in to the neighboring cavities
explained by Muthukumar and co-workers. Now imagine
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impurities distances are scaled down without affecting
chain so that the average pore size becomes smaller. If
chain still could be accommodated in this particular pore
will have a smaller̂ Rg&. This continues untilr imp reaches
r imp

min . For largerr imp , the average size of the cavities ca
not accommodate the full chain and the chain stretche
between the cavities with an increased^Rg& as alluded in the
work of Panyukov@11#. This qualitatively explains the origin
of the minimum in Fig. 2. For very long chains, this featu
will be present only at extremely low impurity densities a
therefore, may not be observed in the simulation.

We have calculated the effective Flory exponentne f f for
various values of the impurity densityr imp as shown in Fig.
3~a!. Evidently, at certain obstacle densityr imp the medium
creates random channels, characterized by ‘‘persis
length’’ which exceeds the persistent length of the polym
chain and effectively rectifies it thus leading to larger valu
of ne f f.0.6. At still larger obstacle concentration, som
channels are interrupted and the polymer is confined in
cavities of comparable size which suppress its extens
Figure 3~a! shows that the chain may still be described by
self-avoiding random walk for large values of the impuri
density.

FIG. 1. The snapshots of two different conformations of
telechelic chain of lengthN564 in porous media withr imp50.1. In
both cases the external field points from left to the right. The up
snapshot shows a situation where the rest of the chain has over
the immobile head which has got stuck between obstacles.
lower snapshot displays a freely drifting chain among obstac
Most of the obstacles have been removed for better visibility.
6-3
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A. BHATTACHARYA AND A. MILCHEV PHYSICAL REVIEW E 66, 041806 ~2002!
FIG. 2. ^Rg& at zero external field as a function for differe
values ofr imp for chain lengths~a! N58, ~b! N516, ~c! N532,
and ~d! N564, respectively. The characteristic minimum occurs
a lower value of the porosity as the chain length is increased.

FIG. 3. The effective Flory exponentne f f and the renormalized
bond lengthl e f f as a function of the impurity densityr imp for chain
lengthsN516, 32, and 64, respectively.
04180
We have also monitored the average bond length betw
adjacent monomers as a function ofr imp which shows that
the adjacent monomers are squeezed compared to
length without impurities; the average bond length decrea
in general asr imp increases and tends to saturate at lar
density. The relative squeezing is less for longer ch
lengths as shown in Fig. 3~b!. The change of bond length i
very small and therefore can be neglected for the subseq
discussion.

B. Static properties of the chain: Nonzero bias

Now we look at the static properties of the chain in pre
ence of a bias. Figures 4~a! and 4~b! show the typical con-
formational behavior of a chain, where we have plotted^Rg&
as a function of the external field for different densities of t
obstacles. For low densities of the obstacles,^Rg& increases
with increasing bias without any signature of saturation. F
high densities of the obstacles^Rg& becomes very quickly
insensitive to the bias. For moderate densities we find
^Rg& exhibits a maximum and decreases subsequently.
believe that this is a generic behavior of the chain in a r
dom media in presence of a bias. The peak position i
function both of the chain length and the bias. Similar qua
tative behavior is observed for the end-to-end distance^Re&
and for the ratiô Re

2&/^Rg
2&. In Fig. 5 we comparêRe

2&/^Rg
2&

for a fixed density of the obstacles (r imp50.2) as a function
of the bias. It is evident that the longer the chain is, the m
sensitive it is to the external field. Even for a tiny bias t
longer (N564) chain has a significantly larger value of th
ratio ^Re

2&/^Rg
2& compared to its value in absence of the bia

The ratio^Re
2&/^Rg

2& lies in between 6 and 12 for a Gaussia
chain and a fully stretched chain. We notice that forN564
the maximum value of the ratiôRe

2&/^Rg
2&;11. Therefore

t

FIG. 4. ^Rg& as a function of the biasFx for different values of
r imp ; ~a! for chain lengthN516, ~b! for chain lengthN532, re-
spectively. s, h, L, n, v, ,, and x correspond tor imp

50.0, 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6, respectively.
6-4
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ELECTROPHORESIS OF AN END-LABELED POLYMER . . . PHYSICAL REVIEW E66, 041806 ~2002!
the chain is mostly stretched. For a given chain, an estim
of Fx could be obtained from the dimensionless quan
FxRg /kBT. We find that for lowr imp the chain stretching
reaches a saturation forFxRg /kBT;1. Moreover forr imp
50.2 the average pore spacingr 0 is ;1.2, while the radii of
gyration for N 5 16, 32, and 64 are;2.5, 5.0, and 12.0
respectively which are larger thanr 0. Therefore, the ratio
r 0 /Rg dictates the minimum value ofFx for which the chain
is mostly stretched.

We now look at the longitudinal and the transverse si
separately to get a better idea about the conformational p
erties of the chain. Since the chain is stretched along
direction of the bias, it is worthwhile to compare the tran
verse and the longitudinal extensions of the chain. Figur
shows the qualitative feature of the longitudinal and
transverse extensions of the chains as a function of the
keepingr imp as a parameter. For moderate densities of
impurities and low bias, evidently, the chain is not on

FIG. 5. ^Re
2&/^Rg

2& as a function of external fieldFx for for chain
lengthsN516, 32, and 64 atr imp50.2.

FIG. 6. ^Rgl& @Figs. 5~a! and 5~b!# and ^Rgt& @Figs. 5~c! and
5~d!# as a function of the biasFx for different values of the impurity
densityr imp ; for chain the lengthN516 @~a! and ~c!# and for the
chain lengthN532 @~b! and ~d!#. The symbolss, h, L, n, v

correspond tor imp50.1, 0.2, 0.3, 0.4, and 0.5, respectively.
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stretched along the direction of the bias but shrinks in
transverse direction. However, with the increasing bias
the impurity density, a saturation effect is observed wh
with a further increase in the bias the effect is reversed.
the case when no impurities are present it is easy to s
that for the longitudinal component of the end-to-end d
tance^Rel&.(^Rg

2&/kBT)Fx and ^Rel&5Nl(Fxl /kBT)2/3 for
small and large tensions, respectively@3#. Similarly it can be
shown that the transverse component of the radius of g
tion ^Rgt

2 &;Nl2(kBT/Fxl )
1/3. Figures 7~a! and 7~b! show the

plots of ^Rel&/N and^Rgt&/AN for different chain lengths as
a function of the bias. They exhibit maxima/minima at d
ferent values ofr imp for different chain lengths. Evidently, in
presence of the impurities, the simple scaling laws for^Rel&
and^Ret& are not observed in our simulation. A proper sc
ing analysis in presence of the impurities, would require
ratio r 0 /^Rg& to be taken in to account as an additional d
mensionless variable as mentioned in the previous p
graph. However, it is worth noticing that the effect of th
impurity and the bias becomes more drastic with the incre
ing chain lengths and the computational effort for averag
over sufficiently many runs and different impurity config
rations becomes a problem even for modern computer fa
ties.

C. Dynamic properties of the chain

We have monitored the average rms displacem
Xc.m.

2 (t) and the velocity of the center of mass of the cha

Vd5Ẋc.m. along the direction of the force as a function
both Fx andr imp . For low r imp , the velocity increases lin-
early with the increasing bias, as expected. However,
velocity exhibits a maximum for intermediate values of co
centrations as shown in Fig. 8, where we have shown
variation of the drift velocity for several values of the imp
rity density r imp for the chains of lengths 8, 16, and 3
respectively. Figure 9 explicitly shows the length depende

FIG. 7. ^Rel&/N and ^Rgt&/AN as a function of the biasFx for
chain lengthsN516, 32, and 64 atr imp50.2.
6-5
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for a given impurity densityr imp50.2. From Fig. 9 it ap-
pears that the critical biasFx

crit;1/N for r imp50.2. Occa-
sionally, at large bias, the chain can overcome the entro
barrier and access regions of high entropic penalty fr
which it becomes difficult to get out which explains its r
duced drift velocity. If we compare Fig. 9 with Fig. 5, w
notice that the ratios for different chain lengths beyondFx

crit

are significantly larger than 6 which indicate that, for a lar
bias, the chain does not have sufficient time to meande
way around the obstacles and encounters the repulsive
rier of the obstacle as happens in a ‘‘head-on’’ collision mo
frequently. The rest of the chain, being neutral, samples
available volume which is consistent with the fact that t

FIG. 8. Vd as a function of the biasFx for for chain lengthsN
5 8, 16, and 32 for different values ofr imp . Filled s, h, L, and
n correspond tor imp50.1, 0.2, 0.3, and 0.4, respectively.

FIG. 9. Vd as a function of the biasFx for for chain lengthsN
516, 32, and 64 atr imp50.2.
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Flory exponent is>0.6. The reduced drift velocity is als
manifested in the observed deviation from linearity in t
log-log plot of theXc.m.

2 (t) as a function oft as shown in Fig.
10. For low impurity densityXc.m.(t);Vd(r imp ,Fx)t, there-
fore, the slope of the straight lines is 2. But we notice
deviation from linearity for the chain lengthN532 and for
r imp50.2 ~right bottom! for larger biases.

IV. DISCUSSION

In summary, we have investigated both the static and
dynamic properties of an end-labeled telechelic polym
chain in presence of quenched random impurities and dri
by an external field using a stochastic MD simulati
method. Our numerical data shows a minimum in^Rg& with
increasing density of randomness. The trend suggests tha
very long chains this effect will disappear as the position

FIG. 10. Log-log plot ofXcm
2 (t) as a function of time for chain

lengthsN516 ~left! and 32~right! for r imp50.1 and 0.2, respec
tively. In each figure the bias increases from the bottom to the
6-6
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ELECTROPHORESIS OF AN END-LABELED POLYMER . . . PHYSICAL REVIEW E66, 041806 ~2002!
the minimum shifts towardr imp→0 for longer chains. Fur-
ther systematic runs with smaller densities and longer ch
will settle this issue.

In absence of a bias, our MD data reveals several imp
tant results. For the impurity densitiesr imp50.020.6, our
simulation results show that the effective Flory expon
ne f f>0.6, which indicates that the conformation of the cha
at high impurity density is still described by a self avoidin
random walk~albeit with the ‘‘persistent length’’ of the me
dium, as proposed in a paper by Panyukov. This has
been observed previously in MC calculation@13#. This is an
important result and probably indicative of the limitations
the variational calculations using the replica trick as it p
dicts otherwise.

The effect of the bias is more drastic for the longer chai
Therefore, it seems plausible that in the limit of very lo
chains and in presence of a weak disorder, an extrem
small but nonzero bias would be sufficient to stretch
chain completely. From our simulation data it appears tha
presence of disorder the simple scaling laws for the tra
verse and the longitudinal components are violated. A m
refined scaling analysis would require an obvious additio
variabler 0 /^Rg&.

The observed maximum for the drift velocity as a fun
tion of the bias is consistent with the idea of jamming. On
the telechelic head gets stuck in a narrow channel am
obstacles and the large bias does not let it get loose, it
take very long time to escape out of that region which wo
explain the observed reduction of the drift velocity at lar
bias. Note that the neutral tail of the polymer does not h
the immobile head in this situation. It will be worthwhile t
calculate the residence time for such event as a functio
the chain length, randomness and the bias. Presently we
l
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extending our calculations for larger chain lengths and
more numerous biases and impurity densities. In particu
the intermediate density regime, where both the static
the dynamic properties exhibit extrema, are worth investig
ing in more detail. Our simulation does not take into acco
any hydrodynamic effects which may also play a role, ho
ever, one expects that at small free volume in the sys
hydrodynamic corrections will be small. The most straig
forward method to include hydrodynamic effects in a co
puter experiment is to simulate explicitly all molecules of t
solvent in addition to those of the polymer chains. As t
solvent particles are much smaller than the monomers,
comprise a dense fluid themselves, such simulation wo
require prohibitively long time and is nowadays hardly ma
ageable. A smarter method which allows for hydrodynam
effects albeit without considering the solvent particles e
plicitly, has been recently introduced by combining the L
tice Boltzmann method and MD@26#. It is worth exploring
this new method in the present context for low and ineterm
diate desities of the obstacles. The drift of the chain in va
ous regular and periodic geometries may also reveals im
tant differences when compared with the results reported
this paper. Furthermore, the MD approach will be very d
sirable to take into account adynamic environmentof the
obstacles. Some of these issues are currently under inv
gation and will be reported in a separate publication.
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